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Abstract. This paper presents an evolutionary approach to the Inverse Kinematics problem. The Inverse Kinematics problem concerns finding the placement of
a manipulator that satisfies certain conditions. In this paper apart from reaching the target point the manipulator is required to avoid a number of obstacles.
The problem which we tackle is dynamic: the obstacles and the target point may
be moving which necessitates the continuous update of the solution. The evolutionary algorithm used for this task is a modification of the Infeasibility Driven
Evolutionary Algorithm (IDEA) augmented with a prediction mechanism based
on the ARIMA model.

1

Introduction

The recent developments in robotics, cybernetics or even computer graphics have led to
a growing interest in the Inverse Kinematics problem, which concerns finding values of
parameters describing some object of skeletal structure (e.g. a robot or virtual model of
human body) which allow an intended pose of this object to be achieved. The Inverse
Kinematics approach is usually employed when it is more important to find an acceptable placement of some manipulator (e.g. robotic arm) rather than provide an actual
control for it. Thus, this kind of problem arise mainly in the area of visualization (computer graphics, animation, etc.) and as a sub-problem called arm configuration selection
in the wider context of reaching the subtask in manipulation planning problems [3, 18].
One of the simplest formulations of the Inverse Kinematics problem is as follows:
find such a pose of a manipulator that, given a starting position, a desired position of its
ending is achieved. This simple problem formulation may be modified in several ways.
The manipulator can have a more complicated geometry than a simple chain of linear
segments. For example a tree–like structure can be used to represent a hand with the
movement of each finger simulated individually. It is also possible, that segments of
the manipulator are described by a different set of parameters, for example segments
may bend or stretch. Another modification is the introduction of obstacles. Shape of the
obstacles may vary from simple blocks to sophisticated labyrinths.
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Although the classic Inverse Kinematics problem can be solved by some classic analytical methods, more advanced version of the problem, e.g. with additional constraints
or obstacles, require more efficient algorithms. There are a number of evolutionary algorithms applied to various versions of the classic Inverse Kinematics problem.
In this paper we use the evolutionary approach in order to solve an Inverse Kinematics problem with an articulated arm and dynamic obstacles and target point. A modification of the Infeasibility Driven Evolutionary Algorithm (IDEA) [15, 16] seems to
be particularly useful for this problem, because many solutions which collide with obstacles while infeasible in physical world may constitute useful approximations of a
feasible solution. Because of the assumption that obstacles and the goal are dynamic
we employ a prediction mechanism based on the ARIMA model [4] to improve algorithm performance.
This paper is structured as follows: in Section 2 a formal problem definition is given.
Section 3 presents some classical approaches to various Inverse Kinematics problems.
Section 4 introduces a detailed description of the proposed evolutionary algorithm with
a prediction mechanism. In section 5 the experimental setup is described and the results
of experiments are presented. Section 6 concludes the paper.

2

Problem definition

There is a broad range of Inverse Kinematics problems with their own slightly different
formal definitions.
In this paper we focus on a problem with an articulated manipulator (like robotic
arm) in the shape of a chain of any number M of fixed–length linear segments. The
problem is to find angles at all joints of such a manipulator given a starting position and
a desired position of its ending. The manipulator has one fixed starting point S and its
shape is determined by a set of line segment lengths l1 , . . . , lM . The objective is to reach
a target point O. Given the fixed coordinates of the starting point S the position of the
manipulator can be described by a set of numbers α1 , . . . , αM which represent angles
at which manipulator segments are positioned. There are two possible interpretations of
these numbers: as absolute or as relative angles. In this paper we treat the numbers as
Pk
relative angles, so the actual angle of k − th manipulator segment is 0 αk , where α0
is an arbitrarily chosen initial angle (we chose α0 = π/2 - the direction straight along
Y axis). In the environment in which the manipulator operates a number of obstacles
are introduced.
The problem that we approach in this paper is dynamic which means that the obstacles move and the target point may also change its location. The motion of the obstacles
may be linear or circular with varying values of velocity and period.

3

Classical approach

There exists a broad range of solutions that address many variants of the Inverse Kinematics problem upon which the Cyclic Coordinate Descent (CCD) [7] and the Jacobian–
based methods [2, 19] are considered nearly canonical. Performance of CCD, though,
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is limited by the fact that it optimizes each joint separately. What is more, neither of the
two methods allows for incorporating constraints.
Some numerical methods were introduced in [9, 10] however they tend to fall into
local optima in more complex tasks. Universal and rapid solutions that can address
various static constrained Inverse Kinematics problems using Genetic Algorithms and
Niching Techniques were also presented in [12, 13, 17].
One ubiquitous disadvantage of many evolutionary methods lies in their low reactivity to changes in dynamic environment. On the other hand, analytical methods can
typically be applied only to special cases of Inverse Kinematics and strictly depend on
precise analytical model that is usually difficult to construct in real–life problems.
Many recent developments in artificial intelligence systems reveal that applying
hybrid technics gives promising results in difficult computational problems [5, 6, 8] by
employing various additional tools, e.g. learning machines [1], neural networks [14],
and/or statistical methods (as it is proposed in this paper).

4

Evolutionary algorithm with prediction

The algorithm used in this paper is based on the Infeasibility Driven Evolutionary Algorithm (IDEA) [15, 16] that is well–fitted to some dynamic problems. IDEA increases the
reactivity to changes by maintaining in population a fraction of infeasible individuals
with the highest fitness value. Let PSize be the size of a population and 0 < α  1 be
the rate of infeasible solutions which means there are bαPSize c infeasible individuals
kept in population.
An evaluation function and constraint functions (i.e. functions counting the number
of crossings with obstacles) are tested for changes at each t-th time step where t =
2, . . . , NG . If any such change is detected, a whole population Pt−1 is re-evaluated.
Evolutionary operators are enclosed in the Sub-evolve function which comprises
of NG0 iterations of crossover and mutation. Being invoked with an argument Pt−1 as
an initial population Sub-evolve function returns the resulting population Ct−1 of subevolution unioned with Pt−1 then reduced to the fractions of d(1 − α)PSize e feasible
and bαPSize c infeasible individuals both with the highest fitness value.
Algorithm 1 presents the evolutionary framework using IDEA for dynamic optimization problems proposed in [16].
4.1

Prediction mechanism

The modification suggested in this paper integrates original IDEA with a prediction
model in the following manner. In each iteration t ≥ HStart an additional hidden
population Ht+1 of the size PSize is initialized randomly then evaluated, sub-evolved
and reduced as described above. However, instead of proper values of an evaluation
function at the current time step t predictions of corresponding values at t + 1 are used.
Later on, at the beginning of the next iteration, an additional hidden population Ht is reevaluated according to the actual evaluation function that is known at the moment. After
that, the population Pt−1 is unioned with Ht and reduced back to PSize individuals in
the same manner as described above, i.e. including bαPSize c best infeasible solutions.

4

Patryk Filipiak, Krzysztof Michalak, Piotr Lipinski

Algorithm 1 Evolutionary framework for Inverse Kinematics problem where PSize =
population size, NGen = number of generations and HStart is the number of iteration
at which the prediction begins.
P1 = InitPopulation()
Evaluate(P1 )
for t = 2 → NGen do
if the function has changed then
Evaluate(Pt−1 )
end if
Ct−1 = Sub-evolve(Pt−1 )
Evaluate(Ct−1 )
Pt = Reduce(Pt−1 + Ct−1 )
end for

As a prediction model ARIMA(p, d, q) [4] is used in order to forecast changes in
the location of obstacles and/or target point because this is the factor that implicitly influence the values of evalution function. Previous positions of such dynamic objects of
environment are collected in time series. Their new current coordinates are stored each
time a change of location is detected. As a consequence, a predicted state of environment for time step t + 1 can be estimated at time step t then used for the evaluation of
a hidden population.

Algorithm 2 Evolutionary framework for Inverse Kinematics problem with a prediction
model where PSize = population size, NGen = number of generations and HStart is the
number of iteration at which the prediction begins.
P1 = InitPopulation()
Evaluate(P1 )
for t = 2 → NGen do
if the function has changed then
Evaluate(Pt−1 )
if t − 1 ≥ HStart then
Evaluate(Ht )
Pt−1 = Reduce(Pt−1 + Ht )
end if
end if
Ct−1 = Sub-evolve(Pt−1 )
Evaluate(Ct−1 )
Pt = Reduce(Pt−1 + Ct−1 )
if t ≥ HStart then
Ht = InitPopulation()
PredictionEvaluate(Ht )
Dt = PredictionSub-evolve(Ht )
Ht+1 = Reduce(Ht + Dt )
end if
end for
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Algorithm 2 presents the framework of the described process in a form of pseudocode. For simplicity, the proposed algorithm with ARIMA prediction model will be
referred to as IDEA-ARIMA for the remainder of this paper.
4.2

Evaluation function

Each individual in populations Pt or Ht is represented by the following sequence of
angles
(α1 , . . . , αM ) ∈ [A1 , B1 ] × [A2 , B2 ] × . . . × [AM , BM ],
(1)
where 0 ≤ Ai < Bi ≤ 2π determines the lower and the upper bounds (respectively) of
the angle range of i-th manipulator’s segment for i = 1, . . . , M .
The evaluation of an individual is equal to Euclidean distance between the end of
the last (i.e. M -th) segment of a manipulator and the target point O providing there are
no obstacles crossed by the line between them.
O
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Fig. 1. Evaluation of an individual in the case of (a) one obstacle ahead, (b) three obstacles ahead.

If there is one obstacle crossed by this line, the convex hull of the obstacle is computed. In this case, two ways to pass by the obstacle emerge, i.e. by following the
clockwise (δ R ) or the counterclockwise direction (δ L ). As a result, the shorter path of
these two is selected. In the example depicted in Figure 1(a) the distance between the
end–effector and the target point is split into two segments of the lengths d1 , d2 and
two possible paths of the lengths δ L , δ R . The evaluation equals d1 + δ L + d2 , because
clearly δ L < δ R .
In the case when more than one obstacle is crossed by the mentioned line, all obstacles are sorted according to distances between them and the end of the last segment
of a manipulator. Then, consecutive obstacles are treated separately as described above.
Figure 1(b) presents such case. Here, the distance is split into segments of the lengths
d1 , d2 , d3 , d4 and paths of the lengths δ1L , δ1R , δ2L , δ2R , δ3L , δ3R hence the evaluation is
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d1 + δ1L + d2 + δ2R + d3 + δ3L + d4 . Note that the evaluation function defined in this
manner rewards passing by the obstacles rather than greedily searching for the shortest
Euclidean distance to the target as it would completely ignore the presence of obstacles.
Individuals coding manipulators that cross an obstacle in at least one point are considered infeasible. A number of such crossings defines the order among infeasible solutions, i.e. the greater number of crossings, the more infeasible the solution.

5

Experiments

The proposed algorithm was tested on three types of benchmark problems described
below. In each problem, the aim was to find a pose of manipulator that minimizes the
distance (measured in the manner that was presented in Section 4) between its last
segment and the target point O ∈ R2 without crossing any obstacles. For simplicity, all
feasible ranges of angles αi (i = 1, . . . , M ) were set to [0, 2π].
Obstacles and/or target point were able to change their locations in time. For any
given point (x, y) ∈ R2 of such dynamic elements the position of it at time step t,
namely (xt , yt ), was calculated using the following predefined motion function
R2 × {1, . . . , τ } 3 t 7−→ φ(x, y, t) = (xt , yt ).

(2)

Crossover and mutation probability were set to 0.9 and 0.1 respectively in both
IDEA and IDEA-ARIMA. The fraction of infeasible yet promising individuals formed
20% of the population at all time steps.
Parameters of ARIMA prediction model were set to (1, 1, 1) as it resulted in optimal
forecasting accuracy for examined problems. First HStart = 16 iterations of any run
of IDEA-ARIMA were dedicated only for collecting information about locations of
obstacles for the sake of further predictions. These initial iterations were not taken into
account in either of statistics presented in this section since observable results of both
algorithms do not differ within this time period.
5.1

Benchmark I

Shape and alignment of obstacles including the way their locations change in time is
depicted in Figure 2. Point S ∈ R2 represents the fixed location of a manipulator. The
distance d between S and the target point O was set to 4. The manipulator itself was
built out of M = 4 joints of the length l = 2. The test procedure lasted for τ = 16
iterations (excluding HStart ) during which the three obstacles (marked as light-gray
rectangles in Figure 2) where moving from left to right and vice versa in one of the two
following manners:
(a) uniform – with the motion function φ(x, y, t) = (x + ω(t), y) where (x, y) ∈ R2
and ω(t) defined as follows

t ∈ [0, τ /4) ∩ Z,
 −4ηt/τ
t ∈ [τ /4, 3τ /4) ∩ Z,
ω(t) = 4ηt/τ − 2η
(3)

−4ηt/τ + 4η
t ∈ [3τ /4, τ ] ∩ Z
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for a given amplitude η > 0. It is worth mentioning that such ω(.) is a discritization
of the function depicted in the following graph
η
τ/4

τ/2

3τ/4

τ

-η

(b) sinusoidal – with the motion function defined as
 


2πt
,y ,
φ(x, y, t) = x + η sin
τ

(4)

where (x, y) ∈ R2 , t = 1, . . . , τ, η > 0.
Table 1 presents the summary of results for 10 runs of IDEA and IDEA-ARIMA
with population sizes (pop) 20, 50, 100 and 10, 20 sub-EA steps (sub) and motion
amplitude η = 2.5. For each combination of pop and sub the three following values are
presented:
1. mean – mean value of best feasible solutions found by given algorithm at each time
step t = 1, . . . , 10 · τ ,
2. wins – percent of time steps t when the best feasible solution found by given algorithm was better than the corresponding one found by the latter algorithm,
3. ∆ < 0.5 – percent of time steps t when the best feasible solution found by given algorithm was worse than the corresponding one found by the latter algorithm but not
worse than 0.5 (i.e. solution that is still satisfying one though not the best found).
Note that IDEA wins and IDEA-ARIMA wins do not always sum up to 100% (especially in cases where population size was relatively low). It is because none of the
algorithms was able to find a feasible solution in some iterations.
As it is clearly seen, IDEA-ARIMA outperforms IDEA in all presented cases. The
Student’s t-test performed on each combination of population size and sub-EA steps
used within the experiment revealed the superiority of IDEA-ARIMA at the significance
level α < 0.01. Additionally, values in column ∆ < 0.5 (fraction of still satisfying but
not the best solutions found) show that the number of remaining time steps when IDEAARIMA performs rather poorly is relatively small.
O

O

O

S

S

d
S

time

Fig. 2. Illustration of the movement of obstacles in Benchmark I. On each frame point S represents the location of a manipulator while O is the target point. The distance d between these
points was set to 4.
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pop
20
50
100
20
50
100

pop
20
50
100
20
50
100

sub
10
10
10
20
20
20

uniform motion function
IDEA
IDEA-ARIMA
mean wins ∆ < 0.5 mean wins ∆ < 0.5
7.0954 28% 13% 1.4139 71% 17%
0.7419 29% 23% 0.3128 71% 21%
0.4841 29% 51% 0.1745 71% 24%
1.6240 38% 30% 0.4937 61% 23%
1.1384 30% 44% 0.1729 68% 23%
0.2537 24% 60% 0.0727 76% 21%

sub
10
10
10
20
20
20

sinusoidal motion function
IDEA
IDEA-ARIMA
mean wins ∆ < 0.5 mean wins ∆ < 0.5
1.6738 34% 13% 0.5580 64% 12%
1.1252 31% 27% 0.1586 66% 18%
0.9452 30% 32% 0.0565 70% 26%
1.4262 34% 25% 0.3199 65% 16%
1.0245 28% 40% 0.0649 73% 20%
1.3396 15% 51% 0.0156 85% 14%

Table 1. Summary of results for Benchmark I after 10 runs of IDEA and IDEA-ARIMA with
population sizes 20, 50, 100 and 10, 20 sub-EA steps.

It is visible in Table 1 (as it was expected) that effectiveness of both evolutionary
algorithms usually grows with the increase of population size and number of iterations.
On the other hand, the dynamic character of the presented benchmark problem reveals
that there are time steps when the target point is quite easy to reach by the manipulator and other ones when obstacles are extremely hard to avoid. This is why it was
impossible to cross the certain level of wins despite increasing parameters of algorithm.

pop
20
50
100
20
50
100

sub
10
10
10
20
20
20

mean
3.1932
2.9021
2.9346
2.4268
2.1339
2.1130

IDEA
wins ∆ < 0.5
23% 26%
23% 20%
17% 16%
49% 21%
34% 34%
23% 25%

IDEA-ARIMA
mean wins ∆ < 0.5
2.2538 77% 12%
1.3467 77% 21%
1.1059 83% 10%
2.3896 51% 21%
1.6165 66% 20%
0.7715 77% 18%

Table 2. Summary of results for Benchmark II after 10 runs of IDEA and IDEA-ARIMA with
population sizes 20, 50, 100 and 10, 20 sub-EA steps.
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Benchmark II

Figure 3 depicts the dynamics of Benchmark II. Two vertices of obstacle change their
locations by moving outwards for the first τ /2 time steps and inwards for another τ /2
time steps as the arrows indicate.
The parameters were set as follows: number of joints M = 7, length of joints l = 2,
number of time steps τ = 16, distance to target point d = 9 and sinusoidal motion
amplitude η = 1.
The use of evaluation function described in Section 4 plays an important role in
this benchmark problem because the obstacle is a concave figure. The shape of the
obstacle is designed to have a local optimum very near point O in the terms of Euclidean
distance.
Table 2 summarizes the results of 10 runs of both algorithms. IDEA-ARIMA clearly
outperforms IDEA. The Student’s t-test revealed the statistical significance (at the level
α < 0.01) in all cases except for pop = 20, sub = 20. Apparently, it is caused by the
higher level of difficulty of this problem.
5.3

Benchmark III

Unlike Benchmarks I and II where obstacles were moving and target point O was static,
in this case both obstacles and target point are circulating around point S = (xS , yS ) ∈
R2 where manipulator is located. Let for all (x, y) ∈ R2 and t = 1, . . . , τ motion
function be defined as φ(x, y, t) = (xt , yt ) where
xt = (x − xS ) cos β(t) + (y − yS ) sin β(t) + xS ,

(5)

yt = (x − xS ) sin β(t) + (y − yS ) cos β(t) + yS .

(6)

Two variants of β(t) defined in time domain determine two motion functions considered in this benchmark problem:

S

O

S

O

S

O

d

time

Fig. 3. Illustration of the movement of obstacles in Benchmark II. On each frame point S represents the location of a manipulator while O is the target point. The distance d between these
points was set to 9.

10

Patryk Filipiak, Krzysztof Michalak, Piotr Lipinski

(a) for uniform-circular motion function defined as
β(t) =

2πt
,
τ

t = 1, . . . , τ,

(7)

(b) for sigmoid-circular motion function defined as
β(t) =

2π
1 + exp(−6 +

12t ,
τ )

t = 1, . . . , τ.

(8)

Figure 4 presents the environment (i.e. shape and alignment of obstacles, location
of manipulator and target point) and illustrates sigmoid-circular motion of objects.
Table 3 summarizes the results of 10 runs of IDEA and IDEA-ARIMA with parameters: number of joints M = 4, length of joints l = 2, number of time steps τ = 32,
distance to target point d = 5. The use of IDEA gave satisfactory results in less then
60% of time steps. IDEA-ARIMA noted wins around twice as often than IDEA and
produced satisfactory results in almost all time steps in this benchmark. The Student’s
t-test revealed the statistical significance (at the level α < 0.01) in all examined cases.

6

Conclusions

In this paper an extension of the Infeasibility Driven Evolutionary Algorithm (IDEA)
with a prediction mechanism based on ARIMA model is proposed for solving dynamic
constrained Inverse Kinematics problem of reaching target point with M -segmented
manipulator.
Experiments performed on a few dynamic benchmark problems revealed that IDEAARIMA outperforms IDEA in all examined cases by producing satisfactory results in
almost all time steps, which proves that the prediction of the dynamic objective function may lead to better results. However, further studies are necessary to examine the
relevance of prediction in more random environments.
rotate & speed up

O
S

O

S

O

S

S

O
d

rotate & slow down

time

Fig. 4. Illustration of sigmoid-circular movement of obstacles in Benchmark III. On each frame
point S represents the location of a manipulator while O is the target point. The distance d
between these points was set to 5.
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pop
20
50
100
20
50
100

pop
20
50
100
20
50
100

sub
10
10
10
20
20
20

uniform-circular motion function
IDEA
IDEA-ARIMA
mean wins ∆ < 0.5 mean wins ∆ < 0.5
1.9126 26% 9% 0.9376 67% 8%
1.0658 29% 11% 0.4296 68% 11%
0.6066 28% 20% 0.1836 71% 8%
1.0224 31% 31% 0.5842 67% 15%
0.6549 25% 28% 0.1201 69% 19%
0.8457 23% 48% 0.0591 71% 20%

sub
10
10
10
20
20
20

sigmoid-circular motion function
IDEA
IDEA-ARIMA
mean wins ∆ < 0.5 mean wins ∆ < 0.5
1.6738 18% 18% 0.5580 67% 12%
1.1252 23% 30% 0.1586 73% 20%
0.9452 25% 36% 0.0565 70% 24%
1.4262 26% 22% 0.3199 57% 20%
1.0245 20% 37% 0.0649 71% 18%
1.3396 24% 32% 0.0156 70% 23%
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Table 3. Summary of results for Benchmark III after 10 runs of IDEA and IDEA-ARIMA with
population sizes 20, 50, 100 and 10, 20 sub-EA steps.

This paper shows that ARIMA–based prediction delivers promising results when
applied to some dynamic constrained Inverse Kinematics problems that can occur in
real–life robotics applications.
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